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Consider the system of differential equations
dx
Z=1@ 0+q0a0 (0.1)

where f(s, t) and g(t) are known functions of their arguments. In what
follows small roman letters (with the exception of the letter ¢t which de-
notes the time and n the order of the system) will denote n-dimensional
vectors, small greek letters scalars, and capital roman letters square
matrices of order n. The symbol || y|| will denote the norm || y|| = (y12 +
e + ynz)l/2 of the vector y. We will assume that the functions f are
defined and continuously differentiable for t > ty at all points of the
space x, except at the points lying on the surfaces

B @ =0 (a=1,..., p) 0.2)

of the space x x t. The surfaces (0.2) do not intersect, and in the
neighborhoods of these surfaces the functions éﬁ are supposed to be con-
tinuously differentiable. The functions q¢(t) are piecewise smooth and have
(if any) only a finite number of discontinuities of the first kind in

every bounded interval t, £ tg T*.

Under the condition

()<<t (0.3)

let the problem of optimum regulation of fast operation for the system
(0.1) be formulated [1-3,4 ], i,e. it is required to determine a piecewise
smooth function no(t) such that for a given initial instant t = ty, &
point 2 = x, and a smooth curve x = 2(t) the moving point x(xg, ty, t, qo)

* The capital letter T will also denote the time.

303



304 N.N. Krasovskii

of the trajectory of system (0.1}, where n(t) = no(e). reaches the curve
x = z(t) in the shortest possible time T = ¢ — t;. Obviously, without
loss of generality, we can assume that to = 0 and z(t) = 0, since in the
contrary case it is sufficient only to carry out the transformation of
the time 7 = ¢t - ty and of the coordinates y = x — z(t). Henceforward,
therefore, we will assume that tg = 0, z(t) = 0,

In the papers [ 1-3 ] a maximum principle for the solution of such
problems in the most general case of smooth stationary functions f(x, u)
(u being a p-dimensional control vector) is proposed and justified.

In conformity with the approach to the problems of optimum regulation
as described in paper f4 }. in the present paper certain existence prob-
lems as well as necessary and sufficient criteria for the existence of
optimum trajectories of a nonstationary system (0.1) with discontinuities
(0.2) are considered.

The argument is carried out for the general case of systems of order n,
However, for n > 2 an efficient formulation of the theorems is difficult,
The difficulty in passing from systems of order two to systems of order n
originates in the fact that for nonlinear systems in the case n > 2 it is
in general impossible to give an efficient rule for the verification of
the condition of complete linear independence of the resolving functions
h(T, r) (see below p.”211). In particular we will note all cases for which
the assertions are correct only when n= 2,

]. Let us introduce certain definitions.

1. The surface £,(x, t) = 0 is a section for the trajectory x(x;, t, n)*
if in a neighborhood of the point of intersection x(x;, t,, n) with the
surface £, = 0 we have { < 0 for t < t,, £ > 0 for t > t, and the in-
equalities

. . wa?;a 051 dgd ~.
lim ( (-)z—]lﬁ*}*—(ﬁ—):d—ﬁ>s/\0 (11)
talgt0 5 o
and
. 1084 oz, dE,
Jim izcgﬁfﬁ“!*j;) = g=>e>0 (1.2)

2]

are satisfied.

* 1In conformity with the choice ty = 0 the letter ty in x(xo, ty, t, 1)
is omitted, denoting the trajectory of (0.1) by the symbol x(zo, t, 7).
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Here it is assumed that on the surfaces (0.2) the functions f and their
derivatives have discontinuities of the first kind.

2. Assume that in the interval 0 ¢ t < T the trajectory x(xo, t, n)
intersects the surfaces (0.2) at the points t = ta(a =1, ..., p). More-
over, we will assume that these surfaces are numbered in the order of in-
creasing t,. Let us assign to the function n(t) the variation 87(t) and
let us construct the system of linear equations for the variations along
the trajectory x(xo, t, n). If for the trajectory under consideration the
surfaces (0.2) are sections, then in constructing the variational equa-
tions it is necessary to follow the rule justified in the papers [5,6 1,
i.e. the system of linear approximation for the perturbations due to the
variations O (t) include linear differential equations

B2~ P2+ q(1)81(1) (1.3)

where the elements of the matrix P(t) are to be calculated by the formulas

of,
{P == for t=£t .
oo =G ) e o #1, (1.4)
and the linear discontinuities of the quantities §x, when passing through
the points t = t, are determined by the relations

82 (o -+ 0) = A (ts) 8z (ta — 0) (1.5)

The coefficients of the matrix A(ta) are to be calculated by the form-
ulas [5]

. 3,/ Oz
{4 (t)}ey = 83y + Bp (), (’Ya_ = d‘i/—d;) (1.6)

where 8po= 1, 8 = 0 for B# y, and AB (a) denotes the magnitude of the
discontinuity fﬁ at the point x = x(xo, tgs n).

Applying impulse functions, linear discontinuities (1.5) can be in-
cluded into the system (1.3). This, however, does not essentially simplify
the argument.

The system, consisting of equations (1.3) to (1.5), will be called the
variational system.

3. The trajectory x(xy, t, 7) of system (0.1) will be called admissible
if the function n(t) satisfies the condition (0.3) and the surfaces (0.2)
intersected by this trajectory are sections for the latter.

4. To the variational system corresponding to a certain admissible
trajectory x(xo, t, n), let us apply the Cauchy formula for the solution
of nonhomogeneous linear systems [7 ] (p. 172). Putting the initial varia-
tions 8x (0) equal to zero and taking into account the rules (1.5) we can
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write
1y
bz (1) = BISFO(tl)FO‘l (x) g (z) x (x) dr + (1.7)
n—1 fat ’ !
+ ) Bana S Fo(tat1) Fa (1) ¢ (x) 8y (z) dr + SFu () Fu1 (x) g (x) 87 (=) d~
a=|[ la i

where F;(t) is a fundamental matrix of the solutions of system (1.3) for

ta <t< fa+~1'

Fo(ts) = E, By =F,(t) A(ty) Fuy (tu) -+ Fa(tats) A(ta)

and p denotes the number of surfaces (0.2) intersected by the trajectory
x(x,, t, 7).
0' ’

If the right-hand side of (1.7) is written down in the form of a single
integral, the quantities 8x (t) are determined by the formula

t
bz () = gh (t, =) 8 (x)de (1.8)

where the vector h(t, r) is expressible in a well-known manner in terms
of the functions which are on the right-hand side of (1.7). In what
follows the solutions of the variational system will be written at once
in the form (1.8).

The function h(t, r) will be called the resolving vector of the varia-
tional system. In what follows the vector function h(t¢, r) will also be
written in the form h(t, r) = D(¢t, 7 )q(r) or (for t, <1 <t ) in the
form h(t, r) = G(¢, a)Fa"l(r )q(r ), where the matrices D(t, r) and G(¢t, a)
can be expressed in a well-known manner in termms of the functions which
are on the right-hand side of (1.7).

5. The resolving vector h(t, r) will be called nonsingular if the
scalar product (h(t, r).1) of the vector h by an arbitrary nonzero vector
!l can vanish only for separate isolated values of r (for fixed t).

Let us note here a criterion which allows us to decide when for a non-
linear system of the second order the resolving vector h(t, r) is non-
singular*.

* As the dimension n inereases, these criteria become extremely com-
plicated. Therefore we will not quote them in their general form. Later
in Section 2 we will quote a criterion for a vector h(t, r) to be non-
singular in the case n = 3.
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Lemma 1.1. Let Q(x, t) be matrix determined by the equality

0y (=, 1)
{Q(=, O)ap = “aw, (@ B=1,....n) (1.9)

where, at the points on the surfaces (0.2), the limit values Q% and Q~
are to be taken according as the approach to the surfaces takes place
from the domain £, > 0 or £, < 0, respectively. If for all x from the
domain G of the space { x} and for 0 < t € T the vector q(t) is not col-
linear with the vector dq/dt — Q(x, t)q(t) (including the limit values
of Q, q, dg/dt at the points of discontinuities), then the resolving
vector h(T, t) of the variational system, calculated along an arbitrary
admissible trajectory x(xo, t, n) and lying for 0< t € T in the domain
G, is nonsingular.

Proof. For t = t* let the equality
(h(T. ) 1)=0 for|)~0 (1.10)

be satisfied. It t = t* is a point of discontinuity of Q(x(¢), t) or
q(t), then h(T, t*) stands for the right- or left-hand limit of h(T, t).
For reasons of definiteness assume that in the equality (1.10) h(T, t*)
denotes the right-hand value of h(T, t), and let us calculate the right-
hand derivative d(h(T, t).l)/dt*. By formula (1.7) we have

d((T, 1)) d(F, (1) g (1)
LEED — ([6, ;) =—=]0) (1.41)

for t1=>1,, 1<ty

where G(T, a) is a certain nonsingular matrix which can be expressed in
a well-known manner in terms of the matrices F and BB (see p. 211), It
is well-known [7 ] that (p. 171)
dF 1
L _FmPE
and therefore it follows from (1.11) that
d (h (T, 1)-1
LeE0D ([, o) Far 0 (52~ P g (®)-1)
PO)=Q =z, t, M), 1)

According to the assumptions of the lemma the vector dh/dt* = G F, -1
(t)(dq/dt* — Pg) 1is colinear with the vector h = GF"l(t)q and, con-
sequently, the two equalities

h-1=0, dh/dt+-l=0 for Nl"#:O
cannot be satisfied simultaneously. Consequently, at the point ¢t = t* we

have

d (R (T, t)-1)
dtt # 0
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i.e. (h.1) # 0 in a neighborhood of the point t = t* and to the right of
it (for t > t*),

Similarly, it is proved that from the condition (h.l) = 0O for the left-
hand limit A(T, t*)} follows (h.l) # O for small t — t* < 0. Hence the
Lemma is proved.

Notes. 1. If the vector ¢(t) is piecewise constant, then dq/d{t = 0
outside the points of discontinuity, Therefore from Lemma 1.1 it follows
that, in order that the resolving vector h(T, t) is nonsingular, it is
sufficient that the vector ¢(t) is not a characteristic vector of the
matrix Q(x, t). If the domain G is bounded and the inequalities (1.1) and
(1.2) are satisfied uniformly for all admissible curves, then in the
domain G for te[0, T1, (h. 1) = 0 and || || = 1, the quantity | d(h(T,t). 1)/
dt i[ has a positive minimum., In this case, under the assumptions of
Lemma 1.1, the resolving vector h(T, t) is nonsingular in a stronger sense.
Namely, there exists a constant number y > 0 such that the measure of the
set 2),on fo, 71, where

(R(T, 1)< (1.12)
satisfies the inequality
mes 25 << v8 (1.13)
no matter what is the vector ! (| I || = 1) and the admissible curve

x(x,, t, 1) along which the system of variational equations is calculated.

2. Along with the vector h{(T, t) consider also the vector

g (t) == C (ta,)pahl (t) q (t) fOl' ta < t < ta+1
whrere

Clty) =F L)AL () ... A7, ) F72 (ty)

Since for 0 € t £ T the vector functions h(T, ¢) and g(t) are connected
by a linear nonsingular transformation g(t) = H.h{(T, t), the conditions
of nonsingularity of the vectors h(T, t) and g(t) coincide. Therefore the
conditions of nonsingularity for h(T, t), which were proved above and will
be deduced below, are also the conditions of nonsingularity for g(t).
Later on we shall not make particular mention of this fact. In what follows
functions of the type n(t) = sign (h(T, t). 1) will be considered, where I
is a certain nonzero vector and 0 £ t £ T. The same function can also be
determined by the formula 5 (t) = sign (g(t).1”), where the vector 1 is
connected with the vector I by means of a well-known nonsingular linear
transformation.

6. Let us quote from the book [8 ] a result which will be of essential
use in what follows.

Consider the problem of detemining a function {(t, c), satisfying the
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condition
K O1<t o<t<) (1.14)
and being such that the equality
T
c=gh(T, D)8 (x, ¢ de (1.15)

1]

holds.

According to a theorem from [8 ] (pp. 171-179) the function {(t, ¢)
for the given vector ¢, the time T and the resolving vector h(T, t) exists
if and only if the inequality
T
min Q](h(T, T).1)|dx)>1' (1.16)

(l-c)==1 3

1s satisfied.

If the vector h{(T, t) is nonsingular and in the condition (1.16) the
equality sign holds, there exists a unique solution of the problem (1.15)
(to within values on a set of measure zero which we neglect). The function
£(t, ¢) is defined by the formula

L(t, c)=sign(h(T, t)-1°) (1.17)
I° being the vector which resolves the problem (1.16).

In the paper [9] it is shown that the functions {(¢, ¢), which solve
the problem (1.15), can be selected in such a way that they are continuous
in measure with respect to the vector ¢, i.e. the function {(¢, ¢) will
converge in measure to the function {(t, c¢*) as ¢ » c*.

In the vector space | ¢} the set of points ¢ for which, for a given T
and a resolving vector h(T, t), the problem (1.15), (1.14) is solvable,
is a closed and convex set containing the point ¢ = 0 [8 ] (pp. 171-179).
For the given T and h this set will be called the domain of attainability
and will be denoted by A (T, h). From the results of the book [8 ] it also
follows that in the case of nonsingular vectors h the domain A (T, t) »
A (T, h*) whenever T > T* and h(T, t) » h*(T*, t) in measure on the
segment [0, T*].

2. For a piecewise smooth system (0.1) the necessary conditions of

optimum control, briefly presented for smooth functions f and in detail
for nonstationary linear systems in an earlier paper [ 4 ] are justified
in this section. By means of more complicated proofs, the arguments given
below can be extended to the case of several control functions 7, (t),

.., n,{(t), each being subjected to the condition (0.3). In this article,
hczwever, we shall restrict ourselves to the case of one control function
n(t).
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Let the system possess an optimum trajectory x(x t 79, T° be the
optimum time of control, and 7°(¢) the optimum control functlon 1tself,
determining the optimum trajectory under consideration.

In conformity with the plan outlined in paper [4 ], to deduce the
necessary conditions of optimum control it is necessary to consider the
quantity

3 [1] = sup v ()] for 0 <t1<<T” (2.1)

strictly speaking, it is necessary to consider the quantity
o* [7] = vraisup |7 (t)| for 0<<t<T? (2.2)

i.e. the upper bound of the quantity |n(t)| on the segment [0, T°], ex-
cepting subsets of measure zero. This circumstance, however, will be
neglected in what follows without justifying it specifically. Therefore,
instead of (2.2) we will consider the quantity (2.1) ]. We will assume
the fulfilment of the following conditions:

1. The optimum trajectory x(xo, t, 7°) connects the points x = x, and
x = 0, and intersects p hypersurfaces (0.2) for t = ¢, < T%@=1, ...,p).

2. For the variational system, consisting of equations (1.3) and (1.5)
and calculated along the trajectory x(x t, n°), the resolving vector
R°(T?, t) is nonsingular.

Theorem 2.1. Let the assumptions 1 and 2 be satisfied. Then on the
optimum control function n°(t) the functional oy ] assumes a relative
minimum

G ["101 = Imin =1 (2.3)
for the variations 87 (t) restricted by the condition
TO
\ R (T°, <)8m(t)dz = 0 (2.4)

o
Proof. Assume the contrary, i.e. that for the optimum control frunction
7%(t) the conditions (2.3) and (2.4) are not satisfied. First let

Sl =<1 (2.5
be satisfied. Then under conditions (2.5) and the result mentioned in
part 6 of Section 1, for an arbitrary vector ¢, such that

el <2 (3>0) (2.6)
and for sufficiently small 8 > 0, there exists a function {, (¢, ¢) which

satisfies the conditions
T,

g W (T, <)% (s, o) d==c =12 .. (2.7)

0
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and ~
[G(t, | <1 —a upn 0T, =T°—1, (2.8)

where {rvl is a certain monotone null sequence of positive numbers,

r, < 1/2 TY. For every fixed value v » 1, according to the results of
[9] mentioned in part 6 of Section 1, the functions Cv(t, ¢) can be
selected in such a way that they are continuous in the measure of ¢, taken
from (2.6). Let us define the variations 87, (t, ¢, p) of the functions
7°(¢t) by the formulas

S (8, ¢, p)y=ul, (¢, ©) (2.9

vhere o > 0 is a small parameter. Consider the solutions of the varia-
tional system & x v) (t, ¢, p), corresponding to the variations (2.9).

By formula (1.8), as a consequence of (2.7) and (2.9), we have
T,
82 (T, ¢, p) = S R (T, )81 (z, ¢ w)dt = pe (2.10)
0
From equality (2.10), according to the definition (2.9) of the varia-
tions 87, , we conclude that the endpoint of the vector y = Sx(v)(T;, c, p)
for every v » 1 describes a sphere

g <us (2.11)

whenever the vector ¢ runs through the domain (2.6). In addition, because
of (2.5) and (2.8) the inequality

P () + Oy (8, ¢, p) | < for 0<tT,, p<<t (2.12)

1s satisfied.

Now consider the behavior of the trajectories of system (0.1) corres-
ponding to the control functions n(t) = n0%(¢) + 87;,(t' c, 1.

The deviations 5Vx(v)(t, c, p) of these trajectories from the considered
optimum trajectory x(xo, t, no) will satisfy the complete equations for
the perturbed motion

which, in contrast to the variational system consisting of (1.3) and (1.5),
contain on the right-hand side additional functions r{§¥x, t). In every
interval of contimuity (¢, + 8, t,, , — B) (B > 0) the functions r(6¥ x,t)
are small and of higher order with respect to § x, i.e,

r(7e, ) = o(|5"s) (2.14)
In the neighborhoods of the points of discontinuity t = t, the functions
r(8¥x, t) contain, besides the terms of the order of (2.14), terms which
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are compensated for, up to within the order of (2.14), by linear jumps
(1.5) of the solutions of the variational system. Taking into account
(2.9) and repeating the arguments of the papers [ 5,6 ] it can be verified
that for the variations 87, (2, ¢, i) the actual deviations svx (v (t, ¢, p)
differ from the solutions & x(¥) (¢, ¢, u) of the variational system by a
quantity of the order higher than u, i.e.

18720 (2, ¢, p) — 820 (t, ¢, w)| = o (1) (2.15)

We will not here give the derivation of estimation (2.15), since it
can be obtained by methods well-known in the qualitative theory of diffe-
rential equations and in the theory of stability [7 1 (pp. 19-22). Let us
further remark only that the estimation (2.15) is determined by properties
of continuity of the functions f, 0 fy/axB, af,/ot, 0&,/d=xpg, d¢, /9t
(in the domains of their continuity) and the values of T and € From (1.1)
and (1.2). Therefore, if instead of a single unperturbed trajectory
x(xo, t, 1°), as hitherto, but a set of such trajectories is considered,
as will be done incidentally in the sections which follow, and 1f the
estimations of the continuity and the numbers T and ¢ are uniform with
respect to the whole set of unperturbed trajectories, then the estimation
(2.15) will also be satisfied uniformly, 1i.e.

1872 (@, ¢, p)—38200(t, ¢, p)[<o(wp ¢(p)—>0  for p—0 (2.16)
will hold good for the whole set of trajectories.
Let the number p; > 0 be selected in such a way that tlie condition
18720 (¢, ¢, B)— 85 (1, ¢, WIS Loy, for 0IST,  (247)
holds good.

Then from (2.11) and the inequality (2.17) we conclude that the points
x(x,, T, 7% + &n, (t, ¢, py) for every v > 1 fill up a certain manifold
E(Vg which embraces the point x(xo, Tv' 170). Since for every fixed v > 1
the variations &7, (t, ¢, p,) change continuously in measure with the
variation of ¢ in (2.6), the manifold 3(v) is a continuous image of the

sphere
l:x(xo, Tw '710)—'7;“<E"'08 (218)

and the points x ¢ X(v), being images of the points, lying on the bound-
ary of the sphere (2.18), are at a distance less than 1/10 8y, from this
boundary. Owing to.the fact that, for sufficiently large values of v,7 0,
the inequality

1 @ Lo 7)< L itd (2.19)

is satisfied, and therefore for such values of v the manifold =(v) will
embrace the point x = 0. Here the manifld 2(+) can be considered as a



On a problem of optimum control of nonlinear systems 313

continuous image of the sphere
2] <l (2.20)

such that the points of 2(v), being the images of the points lying on the
surface of the sphere (2.20), are at a distance less than 1/8 u 8 from
the boundary of this sphere.

On the basis of a theorem on the roots [10 ] we can conclude that
there exists a variation ST]VO(t, c*, "0) for which the equality

2 (2 oy 1°+ ny, (¢, € o) = O (2.21)

is satisfied. This means that if the condition (2.12) is satisfied the
trajectory x(x,, t, 7%+ 517V0(t, c¢*, py)) will reach the point x = 0 in
the time t = T, < T® (for a sufficiently large and fixed value of
v=v,), Le. the considered original trajectory x(x,, t, 7°) is not an
optimum trajectory. The contradiction obtained shows that for the optimum
control the inequality (2.5) is impossible.

Now assume that the equality
s’ =1 (2.22)

is satisfied but the quantity o{7°] is not minimal with respect to the
perturbations of the control function &7 (t) restricted by the condition
(2.4). Then there exists a variation g 87(t) such that

o[ 4 pon] = sup | ° () +udn ()| =1—ep (O<p<) (2.23)

holds.
Here ¢ = const > 0, p > 0 is a parameter and
T.
\ B (T°, %) pby (x) d= = 0 (2.24)

4]

Owing to the condition (2.24), the solutions & x(t, p) of the varia-
tional system, and the corresponding variations p&n(t), satisfy the con-
dition

Sz (T°, p) = 0

Since for t = T the optimum trajectory x(xo, t, n°) reaches the point
x = 0, and the deviation of the actual trajectory of (0.1), corresponding
to the variation p8n(t), from the solution of the variational system
satisfies the estimation (2.15), then

& (0, 797 -+ ) || = 0 (1) (2.25)
holds good.

On the other hand the difference 1 —oln + pdn)] = e p is small and
of the first order with respect to u. Therefore, repeating the arguments
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used at the beginning of the proof, we arrive at the conclusion that for
the sequence T, = TO. r,{r, > 0) it is possible to indicate a small
number p, and a variation 87y (t, ¢, p,) of the function n(t) = n%(¢) +
#o8 n (t) such that the solutions & x”?t, ¢, py) of the variational system
fill up the sphere (2.11) (for p = p; and a certain constant § > 0), and
the deviations of the linear approximation 52} from the solutions of
the complete equations 8%xz(¥) are less than 1/16 8 py- Since the radius
of the sphere (2.11) decreases linearly with variation of g, and the
distance (2.25) is of higher order of smallness with respect ot g, the
number p, can be selected so small that the condition

|2 (20, T 7% + o 80) || < 5 St
holds.
If the number 7, = T%~ T is so small that the inequality
|| @ (20, Tu, %%+ obm) — (%o, T°, 7 + 1o ) 1| < 3 phod
is satisfied, then it can be asserted that the points

Z = Z(Zo, Tvs Mo -+ o -+ 8% {2, ¢, o))

fill up a manifold Z(v), when the endpoint of the vector ¢ runs through
the sphere (2.6), where 2(v) is a continuous image of the sphere (2.20),
The points x e 2(v), being images of the points lying on the boundary of
the sphere (2.20), are from the points of this boundary at a distance
less than 3/16 oo

Now, as before, according to a theorem on the roots [10 ], we conclude
that there exists-a trajectory x(x;, ¢, n% + 87 (t, c* py)) arriving at
the point x = 0 for ¢t = T, < T O vhere the control function 7(t) =
7%(t) + pdn + dnle, c*, 30) satisfies the condition (0.3). This fact
again contradicts the assumption that x(xO, t, nY) is the optimum trajec-

tory.
The contradictions arrived at prove the theorem.

The theorem proved allows us to establish the form of the optimum
function 7°(¢). Namely, the following assertion holds.

Theorem 2.2. If under the assumptions 1 and 2 7°(t) is the optimum
trajectory x(xo, t, 110), then
72 (t) = sign (h°(T°, t)-1°) (2.26)

where [° is a certain nonzero vector !,

* According to the remark 2 of Section 1 on p. 9 the optimum control
function n°(¢) is also determined by the formula no(t) = sign (g(t).1%),
where |” is a certain nonzero vector.
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Proof. Consider the vector
TO

¢® = 3 1e (T°, %) 72 (x) dx (2.27)

[H
The assertion of Theorem 2.1 means that there does not exist a function
n(t) satisfying the conditions
TO

¢ = 5 ke (1°, %) 7 (t) dr (2.28)

0
and

sup |y ()] =a <1 for0<t<T® (2.29)
In conformity with the results of paper [8 ], mentioned in part 6 of

Section 1, the function n°(¢t) satisfying these conditions is determined
unifuely and has the form (2.26). This proves the Theorem 2.2.

Note. According to the results of paper [8] (see Section 1) the
vector l0 satisfies the condition

’1‘0
1 = min 8](h°(T°,'r)'l°|d'r (2.30)
(c°'1)=1 )

In the case of nonlinear systems it is most difficult to make use of
conditions (2.26) and (2.30) for an effective determination of the optimum
control since neither the vector ¥ nor the resolving vector function
hO(TO, t) are known in advance (in the case of a linear system the resolv-
ing function h(T, t) is one and the same for all trajectories (for a given
T), and ¥ is the vector F(13zo). In the nonlinear case the function
k(T, t) depends on the trajectory which in turn is determined by the
control function n(t). The basic difficulty consists in the choice of
such a vector l0 for which the corresponding optimum trajectory arrives
at the prescribed finite point x = 0. As a rule, for the determination of
the vector 10 it is impossible to obtain equations which can be effect-
ively solved, since the equations (0.1) in the majority of cases cannot
be integrated in an elementary form for no(t) given by (2.26). This diffi-
culty can be avoided by selecting the vector l0 on a trial basis. In such
a case it is necessary to pass from the system of differential equations
to the corresponding system of difference equations with a small step

At
A7) = [f (x (pAL), pAT) + g (AD M (PAD] AL (p=10,1,...) (2.31)

The connection between the problem of optimum control for difference
and linear differential equations is discussed in the paper [11 1, The
difference equations (2.31) can be integrated stepwise as follows, Let us
give the numbers IBO, being the projections of lo. and let us calculate
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at the initial point the values hg’(7°, 0) [actually, at the point x =
p = 0 only the quantities gnp(0), being projections of g(t), can be cal-
culated. These are obtained from h 0(1'0, 0) by a nonsingular linear trans-
formation (see the remark 2 of Section 1 on p. 9). As a consequence of an
arbitrary selection of ZO this circumstance is inessential, and in formula
(2.26) we can write g(t) instead of h°(1‘q t)]. Given 1° and g(0), deter-
mine no(O) from the condition (2.26). Afterwards, given qO(O), determine
(A1) =z, -A %) from the system (2.31) for p = 0. Now determine
g(At) at the point x = x(At), and again n(At) by the formula (2.26),
and so on*,

Io,

If after a sufficient number of steps the trajectory determined in this
way does not come close to the point x = 0, another vector 1° must be
tested, and so on. Since there is no definite rule for the determination
of lo, the conditions which are given by the stated necessary criterion
must be considered mainly as guiding ideas for the determination of the
optimum trajectory.

Let us note a corollary of Theorems 2.1 and 2.2 in the case of second
order systems,

Corollary 2.1. Let for all x from the domain G and for 0 < t T O the
vector q{(t) be not colinear with the vector dq/dt- Qq, where the matrix
Q is determined by the equality (1.9). If x(x,, ¢, 7°%) is the optimum
trajectory and the hyparsurfaces of discontinuities (0.2) intersected by
it are sections for it, then the optimum control function p%(t) is a
piecewise smooth function of the form n%(t) = sign (h(TS t).19 [or
n%(t) = sign (g(t).1°)]. For 0 < t < TOthe quantity o[ n]= sup |[5(¢t)]
assumes on this function a relative minimum

3 ["401 = Spin = 1 (232)
for variations 87 restricted by the condition**
o
S/LO(TO, 2) 8y, (<) dz = 0 (2.33)

(]

* For the determination of g(pAt) (p =0, 1, ...) it is necessary to
calculate the fundamental matrix of the solutions of the variational
system consisting of equations (1.3) to (1.5), which also can be re-
placed by finite difference equations,

** Or, what is the same, by the condition
T°
g g(R)dn(t)dt -0
n
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In particular, if the functions f are smooth and the vector q(t) is
not colinear with the vector dg/dt- Qq, the conditions (2.32) and (2.33)
are necessary for a trajectory to be an optimum trajectory.

The truth of Corollary 2.1 follows at once from Lemma 1.1 and Theorems
2.1 and 2.2,

Now consider the system (0.1) for n = 3. Let the functions f(x, t) on
the right-hand sides of (0.1) be continuous and have continuous second
order partial derivatives with respect to all arguments while the vector
g 1s constant., Let us prove first sufficient conditions for which the
resolving vector h(T® t) is nonsingular.

Lemma 2.1. For the variational system (1.3) constructed along an arbi-
trary admissible trajectory x(xo, t, 1), lying for 0 < t < T in the domain
G, the vectors h(T, t) will be nonsingular provided that the following
conditions are satisfied: the vectors q, Qq and Rq are not coplanar for
x€G, 0 t < Tand —~1< n < 1. Here the matrix Q is determined by (1.9)
while the matrix R is defined by

n n
of; of, %, f;
(Ry; = ga— T gé—g— Vo)t g — 5oy (234
To prove the lemma it is sufficient to note that the following equal-
ities hold (the verification of which is omitted):

ETDD _ (@, 0Qqrn,  EELOD_ (Do nRe)  (2.39)

where D is a nonsingular matrix such that A(TC ¢) = D(TO t)g (see p.
211). Since the vector q, Qq and R q are not coplanar, there does not
exist a vector ! £ 0 satisfying the conditions

((]‘Zh

(h-1) =0, K%'l\): 0, (M.)=o0

i.e. the function (h(T% t).1) can vanish only at separate isolated points
of t, i.e. the vector h(T% t) is nonsingular.

From Lemma 2.1 and Theorems 2.1 and 2.2 follows the following assertion.

Corollary 2.1, If for 0 < t < T the trajectory x(xy, t, 7°), connect-
ing the points x = x, and x = 0, is the optimum trajectory and lies in
the domain G, where for 0 ¢ t < tT% -1g n < 1 the vectors q, Qg and
Rg are not coplanar, then the optimum control function 5°(t) generating
this trajectory, is a piecewise smooth function 7%(t) = sign (R9(T O ¢).1°0)
(or else nO(¢) = sign (g(¢).1)). Here 1°(1”) is a certain nonzero constant
vector, the function r,o(t) is a solution of the problem for 0 < t < TO
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min max |n(t)| = 1 for the variations 87 restricted by the conditions

e
S 1 (1°, %) b (1) d= = O
0

where h(T, t) is the resolving vector for the variational system (1.3)
constructed along x = x(x,, t, n%).

3. In this section we will clarify certain problems concerning the
existence of optimum trajectory with a pilecewise smooth control function,
taking into account the nonlinearity of system (0.1), We will assume
that the finite point x = 0 does not lie on a hypersurface of the family
(0.2) and that the functions f and q on the right-hand side of system
(0.1) satisfy the conditions

1/ @z, [ <Wllzll + te g ()] <rs (*4,....3 = consL) (3.1)

for all x and te [0, T]. The conditions (3.1) are satisfied in any case
if the functions f possess, in the domains of their continuity, uniformly
bounded partial derivatives 8fgz/8x, . For further investigations the con-
ditions (3.1) are not necessary but they make the discussions simpler.

Let there exist at least one control function n(t¢) which satisfies
condition (0.3) and is such that the corresponding trajectory x(xy, t, n)

connects the initial point x = x, with the final point by an arc 0 tgT.

Let T, (v = 1, 2, ...} be a monotone nonincreasing sequence of numbers
such that for every v > 1 there exists a control function nV(t) which
satisfies the condition (0.3) and is such that the corresponding tra-
jectory x(x,, t, n) satisfies the condition

2 (2o, Ty ) == 0 (3.2)

Moreover, assume that there does not exist a control function n*(t) which
satisfies (0.3) and

z (g, t, M*) = (3.3)
for t < T, where T_= lim 7; as v » oo,

If for a certain v » 1 the equality T, = T is satisfied, then, assum-
ing that the trajectory x(xo, t, qv) intersects the hypersurfaces £, = 0
and satisfies the section conditions (1.1) and (1.2) while the resolving
vector h V)(TL, t) of the corresponding variational system is nonsingular,
it can be asserted that as a consequence of (3.3) the trajectory x(x,, ¢,
n,) is the optimum trajectory and according to Theorems 2.1 and 2.2 there
corresponds to this trajectory a piecewise smooth control function 7,,(t)
of the form qv(t) = sign (hV(TL, t).1).



On a problem of optimum control of nonlinear systems 319

Therefore it is of interest to consider only the case when for every
v 3 1 the inequality

r,>T, (~=12..) (3.4)

is satisfied; and, consequently, there exists an infinite set of tra-
jectories x'V/(t) = x(xo, t, qV), forming a minimizing sequence { x'V/(¢)}.

Let us make the following remark. The functions f on the right-hand
sides of system (0.1) may have discontinuities on the hypersurfaces £ =0.
We will assume that the curves x(V)(t), beginning with a sufficiently
large number v, intersect the hypersurfaces £, = 0 and satisfy the section
conditions (1.1) and (1.2),

We will restrict the class of admissible control functions n(t) to
piecewise smooth functions only., If we admit a larger class of functions
for which there exist solutions of the system (0.1) in a generalized
sense defined in the paper [12 1, then the proof can be simplified. Here
in our argument we will confine ourselves to classical solutions only,
although this lengthens the proof somewhat.

We will prove that under certain restrictions such a piecewise smooth
control function no(t) actually exists and determines the optimum
trajectory x(x,, t, 7 0), this being the limit trajectory for the sub-
sequence { x V)?t)}, while the function n%(t) itself is the function to
which the functions qv(t) converge in measure on the segment [0, T _]. We
will here give a short outline of the proof. A detailed proof for the
existence of the optimum control function in the case of smooth functions
has been given by Kirillova.

First, using condition (3.1), by arguments typical for problems on
continuation of trajectories [7 1 (pp. 17-19), it can be verified that
the family of functions x YI(e) is uniformly bounded for 0 < ¢t < T, and
therefore as a consequence of (3 1) this family is also equi- contlnuous
Therefore from the sequenc (t)} we can extract a uniformly con-
vergent subsequence { x (vg) ?t)} B=1 2, ...).

Assume that the limit function x™(t) satisfies conditions (1.1) and
(1.2) and that the resolving vector K™(T_, t) of the variational system
constructed formally along the curve x = x™(t) is nonsingular.

The further problem is to prove that the curve x = x™(t) is the
optimum trajectory for the system (0.1) and that this trajectory corres-
ponds to a piecewise smooth control function 7°(t). Let us prove this.
The subsequence | x VB)(t)} will be reenumerated by the numbers v = 1, 2,...

Let h(V)(I;, t) be the resolving vector functions of the variational
systems calculated along the trajectories x'¥/(t). Since for v + = on the
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intervals of continuity t7 —y < t < t7 + y (y > 0) the matrices of the
coefficients of these systems P vI(¢) converge uniformly to the matrix
P°(t) of the coefficients of the limit variational system, evaluated
along x = x™(¢), the numbers t;”’ converge to ¢ (¢t = t, are the instants
of intersection of the trajectories with the hypersurfaces £, =0), then
the resolving vector functions h(V)(Too , t) converge in measure to the
vector function A™(T_, t).

Consider the sequence of vectors
Too
) - S 1 (T ooy ) 4 (x) d= (3.5)

)

Since|n, (t)|= 1, all the points ¢(¥) lie in the domain of attainability
A(T_, k) (see pp.213). The points ¢ Y) as v+ converge to a certain
set of points, lying on the boundary of A(T_, ™). If this were not the
case, then, repeating with inessential modifications therarguments of the
proof of Theorem 2.1) (pp. 214-217), we could construct a trajectory
x(xo, t, n) arriving at the point x = 0 for t = T, - 7*, where r* > 0.
This, however, is impossible.

Now consider a certain convergent subsequence ") Let lim (%) =
¢, where ¢ = c™ lies on the boundary of A(T_, A*) and n™(r) is a piece-
wise smooth function which satisfies the conditions

¢ = S 1o (Tooy T) 7 (3) d= (3.6)

Q
and

(P ()<< for 0t (3.7)

Since ¢ lies on the boundary of A(T_, k™), then in conformity with
part 6 of Section 1 and by virtue of certain theorems from paper [8 1],
the function 7™(t) is determined uniquely by the condition

7 () = sign (h° (T, ) - 1) (I°=£0, I = const) (3.8)

Let us prove that the function n,, (t) converges in measure to 7>(¢).
In fact, the sequence of vectors

elvy) = ¢lvy) ¢ (r=1,2,..) (3.9)
satisfy the conditions

limety) = 0 for v— oo (3.10)

and
TOO

e = | e o)V (@ ds W@ =@ @A)

(4]
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Multiplying scalarly the left-hand side of (3.11) by I*, we obtain
Tm
(et ) = g (7 (T oo, T) - 1) {00} (1) dt (3.12)
0

As a consequence of the equality n™(t) = sign (R™(T_, ¢t).1_ ) the
function under the integral sign on the right-hand side of (3.12) does
not change its sign (the sign of Q'(V)’)(t), obviously, can be only opposite
to that of n™(¢t)). Because of (3.10) the left-hand side of (3.12)tends to
zero as y » «. As a consequence of the remark just made about the con-
servation that (h™. 1) can vanish only on a set of measure zero, it
follows that the functions {'*¥Y/(¢) tend in measure to zero on the seg-
ment [0, T_]. Thus the functions "vy(t) actually converge in measure to
n>(t).

Now it is not difficult to verify that after the substitution n°(t) =
7°(t) in the right-hand side of (0.1) the corresponding solution x(x,, t,7°
on the segment [0, T_] coincides with the function x = x™(t), since other-
wise the functions x(*)(¢) and 7, (t) could not simultaneously converge
uniformly to x™(t) could not simultaneously converge uniformly to x™(t),
and in measure to 7°(t), respectively.

)

If we assume that the sequence ¢¥) has at least two different limit
points (¢™ ) and (c™)*, then two control functions (#™(¢)) and (n™(¢))*
should exist which are different on a set of measure zero and such that
the corresponding trajectories x(xy, t,(9™)) and x(x, t,(n™))* coincide
for te[ 0, T_1.This, however, is impossible.

The contradiction obtained shows that the sequence 7,,(t) converges in
measure to a uniquely determined piecewise smooth function 7(t) = n°(¢)
which at the same time is the optimum control function. Hence the assertion
is proved,

Now consider a second-order system (0.1).

Let the system (0.1) be smooth and let the assumptions of Lemma 1.1 be
satisfied in the shole space, i.e. 1) for all x and 0 < t £ T the vectors
g(t) and dg/dt - Qlx, t) q(t) are not colinear. Then as a corollary of
the results obtained above and Lemma 1.1 we obtain the following assertion.

Corollary 3.1. If a second-order system satisfies the assumptions 1)
and (3.1), and there exists at least one trajectory x(xo, t, n) connect-
ing the points x = x; and x = 0 by an arc 0 < t < T, where the control
function n(t) satisfies the condition (0.3), then the system (0.1)
possesses an optimum piecewise smooth control function n%(t) of the form
7°(t) = sign A(t), where the function A(t) may vanish only at separate
points of te [0, T].
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If the nonlinear system (0.1) is of higher order than two and the
trajectory x = x(t) along which the variational system is calculated is
not known in advance, an effective verification of the ful filment of the
conditions of nonsingularity of the resolving vector h(T, t) becomes very
difficult.* If, however, for the variational system, calculated along a
known admissible trajectory x = z(x), t, n), the verification of the non-
singularity of the vector h(T, t) is considered, this nonsingularity can
be verified without solving the variational system and without determin-
ing the vector h(T, t) itself, But also in this case with the increase
of n, the sufficient conditions of the nonsingularity of h(T, t) become
very rapidly more and more complicated. Let us here quote one sufficient
condition of the nonsingularity of h in the case of a quasi-linear system,
assuming that the vector q is constant.

In the case of a linear system all variational systems calculated for
various trajectories coincide, and therefore the conditions of the non-
singularity of the resolving vector h(T, r) can be formulated effectively
without knowing the trajectory in advance. Let us here quote, for example,
such conditions for a third-order system under the assumption that the
vector g is constant and the functions P(t) in the linear system under
consideration

d
Z=P@®)z+qn() (3.13)
are piecewise smooth with discontinuities (if any) of the first kind only.

Lemma 3.1. 1f for te [0, T] the vectors q,Pg and p?q - (dP/dt)q do not
lie in a linear two-dimensional space, then the resolving vector h(T, t)
of the system (3.13) is nonsingular.

The truth of Lemma 3.1 follows from Lemma 2.1 since in the case of a
linear system along any trajectory x = (t) the equalities Q = P(t) and
R = p? — dP/dt are satisfied.

Calculating successively higher order derivatives of (h.l), analogous
conditions for the nonsingularity of the resolving vector h(T, t) can be
derived for the linear system (3.13) and for the general case n. Since
these conditions have a cumbersome form, we shall not give them here.

Consider a quasilinear system (0.1), i.e. a system of the form

ag‘ = P(t)z + pr(z, t) + q7(t) (3.14)

* See, for example, Lemma 2.1 in which are stated the sufficient condi-
tions for nonsingularity of h when n = 3.
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where the functions r{x, t) possess continuous and uniformly bounded
partial derivatives dr éxa, drp/dt, azrﬁ/axaa , 9r /axaat. Since
for small p the vectors Qg and Ifq3 (see Lemma 2.1) differ slightly from

the vectors Pq and (P? — dP/dt)q, then from Lemmas 2.1 and 3.1 we obtain
as a corollary the following result.

Corollary 3.2. If q is a constant vector and the vectors q, Pq and
(P2~ dP/dt)q do not lie for every t from 0 < t < T in a linear two-
dimensional subspace, then for sufficiently small g the resolving vector
h(T, t) of the variational system, calculated along any admissible curve
x = x(xo, t, 1), is nonsingular.

From Corollary 3.2 follows the validity of the following conclusion.

Corollary 3.3. Let the parameter p in the right-hand side of the
system (3.14) be selected sufficiently small, and suopose that the con-
stant vector q and the vectors Pq and P?q - (dP/dt)q do not lie in a
linear two-dimensional space for every te [0, T]. If there exists at least
one admissible curve x(x,, t, ), connecting the points x = %y and x = 0
by an arc x(x,, t,7) (0 < t < T), the system (3.14) possesses a piecewise
smooth optimum control function n%(t) of the form n°(t) = sign A(t), to
which corresponds the optimum trajectory x(x,, t, 7%).

Let us here quote without proof a corollary which can easily be derived
from the results of Section 3.

Corollary 3.4. Consider the system of equations
d
S =/()+bu

and denote by A the matrix

{4); = (:;f;)ho

If the vectors b, Ab, ..., A" 1p are linearly independent, there exists
a neighborhood of the point x = 0 such that for an arbitrary point x = EN
there exists an optimum trajectory x(x,, t, 79, connecting the points
x=x, and x = 0, the optimum control function 5%(t) having the form
n%(t) = sign A(¢), where the function A(t) vanishes only at separate iso-
lated points t.

4. In this section certain sufficient conditions for optimum control
will be proved. We will consider systems of order n, assuming that the
only hypersurfaces of discontinuity ¢, = 0 are the hypersurfaces t = t_ =
const. Among the admissible curves the optimum trajectory x(x,, t, ),
according to the results of Section 2, is that one for which the control
function n°(¢) has the form
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7 (¢) = sign (h° (T°,0)- ) (4.1)
where [° is a certain constant nonzero vector.

Let us prove that under certain restrictions conditions (4.1) are also
necessary for the existence of a local optimum trajectory of the system
(0.1). The latter term is to be understood in the following sense.

Definition 4.1. The trajectory z°(¢) = x(xy, t, 7°), connecting the
points x = x, and x = 0 by the arc 0 < t € TO where the control function
7%(¢t) satisfies the condition (0.3), will be said to be a local optimum
trajectory if there exists a number ¢ > 0 such that no motion x(t) =
x(xy, t, n) exist which satisfies the system of equations (0.1) with the
control function n(t) subject to condition (0.3) and which connects the
points x = x, and x = 0 by the arc 0 ¢ t < T with T < T%and is such that

||x(xmt,”’1°)—-’”(zo’t,"1)”<8 for O0si<<T
holds.

In other words, the trajectory x%(¢) must be an optimum trajectory
with respect to arbitrary variations 8y restricted by condition (0.3) and
with respect to sufficiently small displacements of the trajectory itself.

Theorem 4.1. Let the following assumptions be satisfied:

1. The trajectory connects the points x = x; and x = 0 by the arc
0<tgTY e
z (‘rOv Os'ylo) = Zq (42)

x (xo: Tov ”10) - O (43)

2. The control function n°(t) is of the form (4.1), where h(T O, ¢) is
the resolving vector of the variational system calculated along
x(xy, t, 7).

3. For the vector 17, determining the control function 5°(t), the pro-
perty of being nonsingular is satisfied in a stronger sense, namely the
measure of the set X5, where the inequality

[(°-ho(Te 1)) | <8 (4.4)
holds, satisfies the inequality
mes (Xs) < y9 (1 == const) (4.5)

Obviously, for conditions (4.4) and (4.5) to be satisfied, it is
sufficient, at the points for which (1°.1°) = 0, for the left- and right-
hand. derivatives of (I°.h%) to satisfy the conditions
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d (I°-1°) d (I°-h°)
———+0, a=— +0 (4.6)

4 The vector e which is tangential to the trajectory x(xo, t, n°) at
the point t = T~ 0 and is in the direction of increasing t, satisfies
the condition*

(e-1°>0 (4.7)
5. Denote by a(tk) the vectors defined by the equalities
T® n
2 o
at) = § F(T, ) Fi, )| 2 THED e, 14) by (<, 1) G
% i=], j=1 L

where F(t, t,) is a fundamental matrix of solutions of the variational
system

ddz

Ly JOT
(F(t,, t), h,(t, r) is the component of the resolving vector of this
system and t, the time instants for which the equalities

1k (T, ) = 0
are satisfied.
We will assume that the inequalities (ak.e) > 0 are satisfied.

Under these assumptions the trajectory x = x(xo, t, n°) is a local
Qptimum trajectory.

Note. If the same control function no(t) can be determined by formula
(4.1) by means of various vectors l°, it is sufficient for condition
(4.7) to be satisfied for at least one such vector lo. In the formulation
of Theorem 4.1 it is naturally assumed that the trajectory x(xy, t, qO)
does not intersect the points z = 0 for ¢ = 11 <75

Condition 5 can be replaced by the requirement that the second partial
derivatives 92f, /axB 9z, shall be sufficiently small.

Let us note also that by means of an example it can be shown that in

Obviously the vector e is defined by the equality
e = lim [f (z (zo, t, n°), t) + gn° (1)) npr t—+T°—0

provided that this limit is different from zero.
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the general case the conditions 1-4 are not sufficient for x(x;, t, n°)
to be a local optimum trajectory.

Proof. Assume the contrary, i.e. that there exists a sequence of
numbers ¢, > 0 (v = 1, 2, ...), converging to zero, and a corresponding
sequence of control functions n,,(¢t), satisfying condition (0.3) and such
that the trajectories x(xo, t, n,) satisfy the conditions

z(Ty T°—7t )=0¢t0r v,>0 (v=1,2,..)) (4.8)
[z (xo, L, M) — (T, &, )| <E, (v=1,2,..)) (4.9)

let {, =7, - 7°. Since the functions 1, and 7° satisfy the condition
(0.3), and the functlon 79(t) is defined by the formula (4.1), the sign
of ¢, (t) is always opposite to that of (RO(TC ¢).1°9). Let us calculate
the scalar products of the vectors 8x(*)(¢), which are solutions of the
system of variational equations
Ty
(1) = (1T D d G7, 0 =401 =T"—x) (410)

0

with the vectors 1(¥) = [(F(TV).F"l(TO)*] =110 We have*
T,
(320 (T,) - 1) = S (R (T, <)-1) 8y, (x) dr (4.11)

From conditions (4.4) and (4.5) we conclude that the functions 8y, (t)
converge in measure to zero as v » o . The denatlons x\¥) of the actual
trajectories of (0.1) from the trajectory x(xy, t, 5 0), caused by the
variations 87, from the corresponding solutions of the variational system,
are of the order o(cv). For v » = the left-hand sides of the equalities
(4.11) must converge to zero. On the other hand, if the measure of the
set (Z¥/) under condition

|8m,]>8  for 0<t<T, (4.12)

* The sign * in the formula for l(V) means the transpose of a matrix and
F(t) a fundamental matrix of solutions of the variational system (1.3).
As a consequence of ¢, » O we have T, 0 for v -» o, Therefore by the

v
definition of the vectors 1'Y’ and the vector w0 (t, 7) (see p. 211) we
have, obviously, the equality (}10(10 t). 10 ) — (h0 t).1'Y)), and,

in addition, l(") > 19 as v + . Without loss of generality we shall
assume that ||1%]] =
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is greater than a > 0, then according to condition 3 of the theorem we
have

| ({2820 (T,)) | > 1ida (Y1 = const) (4.13)

From the inequality (4.13) we conclude that for v » o« the functions
converge in measure to zero. Denote

T\I
= g|811v(t){dt (4.14)
0
Hence limp, = 0 as v » .

First consider the case when from the sequence y, a subsequence can be
extracted (in order to simplify notations let us identify this subsequence
with the original sequence y,) for which the conditions

o
T°—r,

l S (h (T° — 1y, 7)-1°) 81 (t) d | > Bu, (4.15)

are satisfied and where 8 is a fixed, sufficiently small, positive number.
The deviations of the actual solutions 8Yx of the system (0.1) from the
linear approximation 8x, i.e. 8¥x = x(xy, t, n° + &n,) - 2(x, ¢, 7%)
caused by the variations 8n,,, will be of the order o(y,). This fact can
be easily verified by the usual arguments of the qualitative theory. How-
ever, we will not carry out this verification here. At the same time by
virtue of condition 3 of the theor?m and the above coincidence of the
signs of 8y, (t) and (h%(T,, ¢).1!¥)) the quantities (4.11) are small and
of the first order with respect to p,, and negative for v = 1, 2, ....

Thus the vectors 8"1(")(Tv) will also be small and of the first order
with respect to g,. In addition, t?ese vectors must converge to the vector
e since, by the definition of 81(" and the trajectories x(xo, t, r]o +
8n,), we have

gx(")(Tv) = —2x(xq, Ty, 1°)

The scalar products 6. 1")) and @¥2(*).1(")), as it was proved,
differ by an infinitely small quantity of higher order, and consequently,
the quantities (8z(*).1(¥)) must be small and of the first order with
respect to p,, and negative for large values of v. This contradicts the
convergence of 1(») 1% in direction and condition 4 of Theorem 4.1.

Now consider the second possible case when

7y

S (h(Ty, 7) - )8y (R) do| < quiry

0
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where g, » 0 as v » . In this case it cannot be asserted that the
variations 8x" (T,) are small and of the first order with respect to iy,
Therefore second-order terms in g, must be taken into account. These
additional second order terms, as it can be verified by solving the
complete equations of the perturbed motion by successive approximations,
will be equal to the vectors determined by condition 5 of the theorem and
multiplied by certain positive quantities 8 ,.

Denote by 8,z(t) the second approximation of the solution §”#’(t).

Now, as in the first case considered, we arrive at the contradiction,
namely the scalar products (8:2( v) l(V)) and (6%x() . 1(¥)) which dlffer
from each other by infinitely small quantities of higher order than y
must be negative for large values of ». This fact, however, contradlcts
the conditions 4 and S5 of the theorem.

The obtained contradictions prove the theorem.

Notes.1, In the conditions of the theorem it was assumed that the
hypersurfaces of discontinuities f = 0 are the planes t = tar This
assumption was needed in order to make use of the estimation || 8Yx - 81||=
°(Fv) in the process of the proof, the derivation of which without the
agssumption that these hypersurfaces are sections for the trajectories
under consideration, would be in general impossible (in any case on the
basis of the nongeneralized solutions x(t¢t) of system (0.1)). In con-
sequence of the boundedness of the right-hand sides of the system (0.1)
along the trajectories x(z , t, 1) which differ from the trajectory
x(xy, t, 7 %) by a small quantity € > 0, the property of being sections
for these trajectories is possessed also by the hypersurfaces f = 0, not
necessarily coinciding with t = tyr but being such that the normal vector
grad fﬁ is inclined to the t-axis at a sufficiently small angle. Therefore
the assertion of Theorem 4.1 remains in force in the case of such hyper
surfaces of discontinuities also.

2. If we consider only variations which are restricted by the condi-
tions |8qV| <€ then from the fact that the hypersurfaces of discontin-
uities f =0 are sections for the trajectory x(xy, t, 7 ). it will follow
that they are sections also for the trajectorles z(xo, t, n + Sn ), i.e.
to prove that the trajectory z(xo , 6, N ) is a local optimum trajectory
in the sense of small variations 8z as well as in the sense of small
variations of 8y, it is sufficient only to assume in Theorem 4. 1 that the
hypersurfaces §ﬁ = 0 are sections for the trajectory x(x,, t, 7 0y,

3. For condition 3 of Theorem 4.1 to be satisfied, it is sufficient
that the vectors

R°(T°, t), ¥ (T°, t)=D[Pg—q’]
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where the matrix D(TO. t) determines the vector h = D(Tq t)g(t) (see
p. 211) do not lie simultaneously in the hypersurfaces (lo.ho) = 0,
(lo.h’) = 0. In fact, in such a case, repeating the arguments of the
proof of Lemma 1.1, we would obtain that

d (h°(T°, 1)-1°)

v =y >0 (y = const) (4.16)

holds at every point of the trajectory, where (lo.ho) =0, i.e. condition
3 of the theorem, in fact, is satisfied.

4, In the case of a quasilinear system (3.14) with sufficiently small
i for condition 3 of Theorem 4.1, in conformity with Corollary 3.3 and
the previous note, to be satisfied, it is sufficient for the vectors

dgq
F(T°)F1 (1) q (1), F(T”)F-la)[1>a)qa)—-;7]

where F(t) denotes a fundamental matrix of solutions of the linear system,
not to lie for 0 £ t< r0 simultaneously in the hypersurface (lo.h) = 0,

5. In the particular case of a second-order system for condition 3 of
the theorem to be satisfied, it is sufficient for the vectors q and Qq —
¢’ to be noncolinear.

6. Finally, let us note that conditions 1, 3 and 4 of Theorem 4.1
correspond in the stationary case to the rule for the construction of the
optimum trajectory on the basis of the Pontryagin maximum principle [1].

Example. Finally, consider a simple case of a concrete system by means
of which we shall illustrate the possibility of verifying all the condi-
tions imposed on the systems considered in proving the theorems of
Sections 2-4,

Let the equation
2z
w7 iy @) (4.47)
be given, where x and f are scalars, the function f(x, t) is continuously
differentiable for ta £ tg tas1 and its partial derivatives admit (if
any) at the points t = t, only discontinuities of the first kind. We shall

also assume that the following conditions
d
f©,t)=0, m,<5£<o>-_, for any =« (01 >0, g == const > 0) (4.18)

are satisfied.

The system of two equations, equivalent to (4.17), is

dz dy
m:y’ m:.: ——/(.’L‘, t)+7}(t) (419)
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The variational system corresponding to (4.19) has the form

ds d3 2
Tty Pe—reonetmn (remoo=(5)_) ww

Let us verify that the resolving vector h(T, t) of the system (4.20)
is nonsingular.

In fact, in the case under consideration the vector q has the form
"0

q==(‘1 )

wvhile the vector Qg has the form

Qq=(_w%m a (?>=(é)

and, consequently, the vectors are not colinear.

The trajectories of the system (4.19) for n = 0 have the form of
spirals described about the origin of the coordinates x =0, y = 0,
According to the nature of the function f(x, t) these spirals may be
either periodic curves, or they may spiral towards the origin or away
from the origin as t » o, In the particular case when f(x) does not depend
on the time ¢, all solutions of (4.19) are periodic and are given by the
level curves v = const. of the function

x
v Y=y +2{1 @)

0

Let the function 5, be determined as follows: 7, = ~ 1 if the traject-
ory passes through the domain x> 0, y > 0; Ny = 1 in the domain x < O,
y< 0 and n5 = 0 for all other x and y. Then for the initial values x,,
Yor lying sufficiently close to the point x= 0, y= 0 (in the stationary
case for all x5, yy) the trajectories (4.19) have the form of spirals
which asymptotically approach the point x = 0, y = 0 as t » o (see figure).

If the time length T, of such a trajectory is chosen sufficiently
large, the point z(xo, Yor 1b, qo). y(xo, Yor Tb, qo) will be sufficiently
close to the point £ = 0, y = 0, and it is possible to indicate variations
8n of the function 5,(¢) such that the point x(x;, y5. To. My X On),

y (x5, ¥go Tgo Mg + 8n) will reach the point z= 0, y = 0. We will not
verify this here since it can be done by methods similar to those con-
sidered in Section 2. Consequently, there exists a domain G which embraces
the origin of the coordinates x = 0, y = 0 and is such that for each point
%5, yp of this domain there exists a control function 7 (t) which takes the
trajectory s(xo, Yoo 7)), y(xo, Yoo t n) into the point =0, y = 0.
In particular, in the case of a stationary function f(x) such a domain
will be the whole plane. Now, according to the results of Sections 2-4,

it can be asserted that for every point (z;, y,) of G there exists an
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0!

optimum trajectory =x(t¢, no). y(t, no), connecting the points x = x5
y=1 and x = 0, y = 0, and the corresponding control function qo(t)
being a piecewise smooth function of the form qo(t) = gign (ho(To, t).lo).
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